Abstract-In this paper, for a prime number , a construction method to generate -ary -form sequences with the ideal autocorrelation property is proposed and using the ternary sequences found by Helleseth, Kumar, and Martinsen, ternary -form sequences with the ideal autocorrelation property are constructed. By combining the methods for generating -ary extended sequences (a special case of geometric sequences) and -ary -form sequences, a construction method of -ary unified (extended -form) sequences which also have the ideal autocorrelation property is proposed. This is a very general class of -ary sequences including the binary and nonbinary extended sequences and the -form sequences. From the ternary sequences by Helleseth, Kumar, and Martinsen, ternary unified sequences with the ideal autocorrelation property are also generated.
such as a code-division multiple-access (CDMA) system, which has been adopted as a standard for multiple-access methods in mobile radio communication systems. Signal design for CDMA systems has become an interesting research topic in application areas. One of the most important research areas for signal design for CDMA systems is the design of PN sequences with good correlation properties [1] , [3] . Research has mostly been done on binary sequences with the ideal autocorrelation property and families of binary sequences with the optimal cross-correlation property [9] , [11] [12] [13] [14] [15] .
Chan and Games introduced geometric sequences [2] and work has been done on geometric sequences by Goresky, Chan, and Klapper [5] . No, Yang, Chung, and Song [14] also worked on the closed-form expression for some geometric sequences with the ideal autocorrelation, so-called extended sequences. Geometric sequences provide us with a method of constructing PN sequences by applying a nonlinear feedforward function to -ary -sequences. Geometric sequences include -sequences, Gordon-Mills-Welch (GMW) sequences [15] , cascaded (generalized) GMW sequences [9] , [12] , and extended sequences [14] . Klapper [12] . Although he introduced -form sequences as a new method for generating a single sequence, most of his work was done on families of sequences with good cross-correlation properties. To my knowledge, there is no binary or nonbinary -form sequences with the ideal autocorrelation property except for GMW sequences and cascaded (generalized) GMW sequences [9] , [12] . It is not easy to find -form functions which can be used to construct -form sequences with the ideal autocorrelation property.
Recently, nonbinary sequences with good correlation properties such as sequences and -ary sequences have been investigated. Helleseth, Kumar, and Martinsen [7] found ternary sequences with the ideal autocorrelation property. These are the first nonbinary sequences with the ideal autocorrelation property, except for -ary -sequences and -ary cascaded GMW sequences. A large class of -ary sequences with the ideal autocorrelation property was also introduced by Helleseth and Gong [6] , which can be used to construct -ary -form sequences and -ary unified sequences. In this paper, a method of constructing -ary -form sequences with the ideal autocorrelation property is proposed. Using the ternary sequences found by Helleseth, Kumar, and Martinsen [7] , ternary -form sequences with the ideal autocorrelation property are constructed. By combining the methods for generating -ary extended sequences and -ary -form sequences, a method for constructing -ary extended -form sequences (called unified sequences) with the ideal autocorrelation property is proposed. The set of unified sequences is a very general class of sequences including -form sequences and extended sequences. Finally, examples of ternary unified sequences are given from the ternary sequences introduced by Helleseth, Kumar, and Martinsen [7] . We can show that a sequence over the alphabet has the ideal autocorrelation property if it is difference-balanced for all nonzero time shifts.
II. PRELIMINARIES
For any prime power , let be the finite field with elements. Let for some positive integers and . Then the trace function is the mapping from to its subfield defined by [10] where is an element in . The trace function satisfies the following:
ii) , for all .
iii) , for all .
See [10] , [16] for detailed properties of the trace function. For the remainder of the paper, we use the following notation:
• : prime number;
• , : positive integers such that ;
• , , and ;
• : finite field with elements; • : primitive elements of , , respectively, where .
Using the trace function, a -ary -sequence of period can be expressed as (1) where . It can easily be proved that the -sequence defined in (1) is balanced and difference-balanced.
Definition 1:
A -ary sequence is called a characteristic sequence or a characteristic phase sequence if for all (2) It is shown that a -ary -sequence has a multicharacteristic phase property in the following corollary.
Corollary 2:
The -sequence as defined in (1) Using the -form function , he introduced the -form sequences as follows. [8] ): For an integer , , relatively prime to , a -form sequence of period is defined as (4) where is a -form function, as defined in (3).
Definition 3 (Klapper
As a special case of geometric sequences, No, Yang, Chung, and Song [14] introduced closed-form expressions for sequences with the ideal autocorrelation property, so-called the extended sequences. They give a method for constructing binary sequences for longer periods with the ideal autocorrelation property in a trace representation if a given binary sequence with the ideal autocorrelation property is described using the trace functions. By extending the alphabet from binary to -ary, the construction of binary extended sequences can be modified to that of -ary extended sequences.
Theorem 4:
Assume that for an index set , the -ary sequence of period given by has the ideal autocorrelation property. For an integer , , relatively prime to , the -ary extended sequence of period defined by also has the ideal autocorrelation property.
The proof for Theorem 4 is almost the same as that of binary extended sequences [14] and so the proof has been omitted here. A construction of -form sequences by -form functions is a new method to construct sequences with the ideal autocorrelation property, which is described in the following section.
III. -ARY -FORM SEQUENCES
In order to construct -ary -form sequences, we have to find the corresponding -form functions. But it is not easy to find -form functions which can be used to construct -form sequences with the ideal autocorrelation property, except for the cases such as GMW sequences and cascaded GMW sequences. Most work on -form sequences has been done for families of -form sequences with good crosscorrelation properties such as TN sequences [8] . TN sequences with become cascaded GMW sequences with the ideal autocorrelation property. Klapper derived the cross correlations of a family of the -form sequences by using the -form functions. To construct -form sequences of period with the ideal autocorrelation property, we have to find the condition which the corresponding -form function satisfies. It is already been given by Klapper [8] and we can modify it as follows.
Theorem 5:
Let be a -form function on over and , , be an integer relatively prime to . For an integer , , relatively prime to , the -form sequence of period given by has the ideal autocorrelation property if and only if for any nonzero shift , the set has size . Proof: Let and be the digits occurring in the baseexpansion of , i.e., , , . Then, the difference of the -ary -form sequence can be written in the two-dimensional representation as follows:
where is relatively prime to , and the subsequence for is either the all zero sequence if or a cyclic shift of the -ary -sequence if , which is balanced. From the fact that -sequences are balanced, we have where is a th root of unity. As varies from to , for any nonzero , occurs times. Therefore, the autocorrelation of the sequence for any nonzero , is calculated as which means that the sequence has the ideal autocorrelation property.
To construct -ary -form sequences with the ideal autocorrelation property, we have to find a -form function satisfying the condition derived in Theorem 5. We propose a -form function in the following theorem, which can be used to construct -form sequences.
Theorem 6: Let
, for all in index set , where is relatively prime to . Then the function from onto (5) is a -form function on over . Proof: Let be an element in . Then where because , for all in index set .
This does not guarantee the ideal autocorrelation property of the -form sequences constructed by the -form function in (5), but the -form function has to satisfy the condition derived in Theorem 5 in order for the corresponding -form sequences to have the ideal autocorrelation property.
Using Theorems 5 and 6, we can construct a -ary -form sequence with the ideal autocorrelation property as in the following theorem.
Theorem 7:
Let for all in some index set , where is relatively prime to . Assume that the -ary sequence of period given by (6) has the ideal autocorrelation property. For an integer , , relatively prime to , the -ary -form sequence of period defined by also has the ideal autocorrelation property.
Proof: We previously defined and as the digits occurring in the base-expansion of , i.e., , ,
. Then, the -ary sequence in (6) can be expressed in terms of and as follows:
where because , for all in index set . Let be the function defined by
Then the sequence can be rewritten as where the subsequence of for a fixed value of , , is either the all-zero sequence of period if (i.e., ) or a cyclic shift of the -ary decimated -sequence of period otherwise. We assumed that the sequence has the ideal autocorrelation property. The difference of the sequence can be expressed as
Then the autocorrelation of the sequence is rewritten as
Suppose the subsequence for a fixed is not identically zero. Let be the autocorrelation function of this subsequence As the subsequence is a -ary -sequence, the autocorrelation function of the subsequence takes the values as follows:
Then the autocorrelation function of the sequence can be represented as a summation of over , , that is, Assume that for any nonzero , as varies from to , occurs times and occurs times. Using the assumption of the ideal autocorrelation property of the sequence and its (not all-zero) subsequences, we have the following equation for any nonzero :
From the above relationship, the value can be calculated as . That is, as varies from to , occurs times, for any nonzero . From Theorem 6, is a -form sequence, since is -form. Now we have to prove the ideal autocorrelation property of the -form sequence . As before, the difference of the -form sequence can be represented in the two-dimensional expression as Using the function defined in (7), the difference of the -form sequence can be rewritten as where is relatively prime to and the subsequence is either the all-zero sequence or a cyclic shift of the -ary -sequence , because . From the previous result, as varies from to , occurs times for any nonzero . That is, the set of such that has the same cardinality as the case for because . Similarly to the derivation of autocorrelation values of the sequence , the autocorrelation of the sequence for any nonzero is calculated as follows:
which means that the sequence also has the ideal autocorrelation property.
Helleseth, Kumar, and Martinsen introduced a new ternary sequence with the ideal autocorrelation, which was the first nonbinary sequence with the ideal autocorrelation property except for the -ary -sequences and the -ary cascaded GMW sequences.
Theorem 8 (Helleseth, Kumar, and Martinsen [7] ): Let and . Let be a primitive element of . Then, the ternary sequence of period given by (8) has the ideal autocorrelation property.
Let and be integers and . Then the index set in the ternary sequence in (8) is where . That is, all elements in index set are congruent to and the sequence has the ideal autocorrelation property. The sequence in (8) satisfies the condition for index set in the sequence (6) assumed in Theorem 7. Therefore, without proof, ternary -form sequences with the ideal autocorrelation property can be given as follows.
Theorem 9:
Let and , where and are positive integers. Let be a primitive element of . Let , , be relatively prime to . Then the ternary -form sequence of period given by has the ideal autocorrelation property.
Up to now, the ternary -form sequences defined in Theorem 9 were the only -form sequences with the ideal autocorrelation property including binary and nonbinary sequences. As far as the binary case is concerned, no -form function satisfying the property derived in Theorem 5 has been found yet.
As an example, a ternary -form sequence of period with the ideal autocorrelation property can be constructed as follows.
Let . Then and . Let , , be relatively prime to . Then a ternary -form sequence of period with the ideal autocorrelation property is given as
IV. -ARY UNIFIED SEQUENCES
In this section, a method for constructing new sequences, so-called unified sequences (extended -form sequences), is proposed by combining the methods used to generate the extended sequences and -form sequences.
Theorem 10: Assume that for an index set , the sequence of period given by (9) has the ideal autocorrelation property. Let for all in some index set , where is relatively prime to . Assume that the -ary sequence of period given by has the ideal autocorrelation property. For an integer , , relatively prime to , the unified sequence of period defined by (10) also has the ideal autocorrelation property. Proof: As in the proof of Theorem 7, let and be the digits occurring in the base-expansion of , i.e., , ,
. Then, the -ary unified sequence in (10) can be expressed in the two-dimensional representation as follows:
where the function is defined as
The subsequence of for a fixed value of , , is either the all-zero sequence of period if or a cyclic shift of the decimated (by ) sequence of the -ary sequence in (9) . That is, which has period , because
. By assumption, the subsequence also has the ideal autocorrelation property. That is, the autocorrelation function of the subsequence defined by takes the values of or . That is,
if if
The difference of the unified sequence can be expressed as Therefore, the autocorrelation of the unified sequence is given as Similar to the autocorrelation of the sequences in Theorem 7, for any nonzero , the autocorrelation of the unified sequence is the summation of the autocorrelation functions over , of the subsequences with the ideal autocorrelation property. In the proof of Theorem 7, it is already derived that for any nonzero , as varies from to , occurs times. Thus, we have the autocorrelation value of the sequence for any nonzero as in Therefore, the unified sequence has the ideal autocorrelation property.
If we replace the sequence (9) by the -ary GMW sequence or the -ary cascaded GMW sequence in Theorem 10, then a (cascaded) unified sequence can be constructed as where and is replaced by the -ary cascaded GMW sequence and are integers such that and and , respectively. Modifying the proof of Theorem 10, it can be easily shown that this sequence also has the ideal autocorrelation property. But any -ary GMW sequence or -ary cascaded GMW sequence can be expressed as the summation of decimated -sequences as in (9) by expansion and therefore Theorem 10 may include the cases of the -ary GMW sequences or the -ary cascaded GMW sequences.
The unified sequence is a class of sequences, which includes the -form sequences and the extended sequences. That is, if , the unified sequences defined in (10) becomes the extended sequences with the ideal autocorrelation given by In Theorem 10, let and , where and are positive integers. Using Theorem 10 and the ternary sequences with the ideal autocorrelation property introduced by Helleseth, Kumar, and Martinsen, we can construct a ternary unified sequence for positive integers and in the following theorem, given without proof.
Theorem 11: Let and be positive integers. Let be a primitive element of and set , where . The ternary sequence of period given by has the ideal autocorrelation property, where the index set is . For the index set , where for all in the index set and is relatively prime to , the ternary sequence of period given by has the ideal autocorrelation property. For an integer , , relatively prime to , and and , the ternary unified sequence of period defined by (11) also has the ideal autocorrelation property.
If we replace the index set by , the sequence given in (11) becomes the ternary extended sequence with the ideal autocorrelation property as follows:
where , , is relatively prime to . As an example, a ternary unified sequence of period with the ideal autocorrelation property is given in the following example.
Example 12: Let and be a primitive element of . Then , , , and . Let , , be relatively prime to . Then a ternary unified sequence of period with the ideal autocorrelation property is given as Recently, Helleseth and Gong [6] introduced a large class of -ary sequences with the ideal autocorrelation property. They can also be used to construct the -ary -form sequences and the -ary unified sequences.
